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1 Introduction 
The Length-based Virtual Population Analysis model was developed specifically for 
assessment of Lake IJsselmeer eel fisheries, with the intention to inform managers and 
fisheries organisations on the state of the stock, in relation to notional targets such as growth 
overfishing and recruitment overfishing. It started as a standard Virtual Population Analysis 
VPA model, as routinely applied in marine fish stock assessments, adapted for length-
structured data (growth handled as a state transition matrix in-between annual intervals). 
Model input is dominated by the number of fish caught, by length and year, that is: the length 
frequency of the landings in absolute numbers. Although successful in its forward (predictive) 
mode, this model yielded numerically instable results for the retrospective analysis, that is: 
minor glitches in the data essentially determined crucial details of the results. Further 
development will be required. The text below describes the model in its current state. 

2 Objective 
The LVPA model quantifies the population state and the impact of fishing, for the data years, 
that is: for the recent past. The model is based on the methodology developed by Beverton & 
Holt (1957). A minimum of assumptions and a maximum of data ensure a close tracking of the 
true population state in recent years; in particular, estimates of both the population number and 
the fishing mortality by length class are updated annually. The Beverton & Holt methodology 
easily allows for simulation of alternative fishing regimes, and derivation of reference points, 
but this has not been elaborated well for the IJsselmeer eel prior to this project (See, however, 
Dekker 2000). The Swedish analytical model, presented in a parallel chapter, corresponds well 
to the predictive mode of the current model, and simulation of alternative management 
regimes have been detailed there. 

3 Conceptual description 
For all cohort analysis models, the fundamental concept is that the vast majority of all fish 
eventually end up being caught by the fishery. Consequently, knowledge of what amount (and 
what size or age) of fish has been removed by the fishery enables a reasonable reconstruction 
of past population size (and composition). A fish of age a caught in year y must have been at 
large in year y-1 at an age of a-1, m.m. y-2 at a-2, y-3 at a-3, etc, backward in time until the 
year y-a, when this fish was born at age=0. The total number of all individuals, projected 
backwards from the moment of their death in the catch to their birth in the sea, constitutes the 
Virtual Population of Derzhavin (1922; cited in Ricker, 1975, p. 181). On top of the mortality 
due to fisheries, some natural mortality will always occur. Consequently, the Virtual 
Population Analysis of Gulland (1965) raises the number of fish in the population somewhat 
(typically 10-20% per annum), each year that the fish have been at large. Note that Gulland 
derived his assessment model by manipulating formulae, disregarding the conceptual 
interpretation given here.  
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For the IJsselmeer eel, no age readings have been made for many years. Consequently, the 
structuring by age was replaced by a length-structure: eels of length L in year y will have been 
at large in year y-1 at a length of L-g, where g=annual growth in length. The numerical 
instability of this model stems from the fact that growth is not exactly constant over all 
individuals within a certain length class (g is a range rather than a constant), and consequently 
that a single individual of final length L could be derived from a range of smaller length 
classes one year earlier. This indeterminacy allows the model to accommodate small glitches 
in the data, by concentrating the whole population in some narrow length classes. An ad hoc 
patch was developed, smoothing out the glitches.  

4 Publications 
Dekker (1993, 1996, 2000, 2004). 

5 Detailed description  
Representing the number of eels of length j in the stock at time t by Nt, j  and the entire stock 

in number at time t by a vector over length Nt, j( )
,
 growth is modelled as a transition matrix1 

Gi , j[ ] of dimension length*length, where each cell Gi , j  quantifies the probability that an 

animal will grow from length class j to length class i within a time interval of one year. In the 
absence of mortalities and migration, the population vector at time t+1 is related to the 
population vector at time t by: 

Nt +1,i( ) = Gi , j[ ]× Nt , j( ) 1 
Following Beverton & Holt (1957), the decline in numbers due to natural mortality, to 
fisheries and due to silver eel emigration is modelled in a differential equation: 

dNt , j

dt
= −Zt , j × Nt, j

 2 
Consequently, the population number at the end of the year relates to that at the beginning as2 

Nt +1,i( )= exp− Zt , j( )× Nt, j( )T
 3 

Each year, new recruits Rt,i( ) add to the stock. Rt,i( ) is an almost completely empty vector, 
except for length class (6)-7-(8) cm, which contains the number of immigrating glass eel. 
Combining the effects of recruitment, growth and mortality, it follows that: 

Nt +1,i( )= Rt ,i( )+ Gi, j[ ]× exp−Z t , j( )× Nt, j( )T
 4 

Temporarily dropping indices of time and length,  
Z = M + Ffykenets + Feelboxes + Flonglines + Fsilvereel in fykenets + S  5 

where M = instantaneous natural mortality (M0 of Sparre, 1979), 
 F = instantaneous mortality due to fisheries, including the combined 
effect of silvering and subsequent capture, 

 S = instantaneous rate of decline in population number due to silvering and 
escapement (M1 of Sparre, 1979). 

 

                                                            
1 The notation used mostly adheres to the standard symbols in fish cohort analysis models. 
Thus capital versus lowercase characters do not indicate matrices resp. vectors. Instead, 
matrices and vectors are given as indexed cells, enclosed in round (vectors) or square 
[matrices] brackets. 
2 The superscript T  indicates the transpose of a matrix, i.e. rows and columns interchanged. 
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The decline in numbers3 now equals 

Dt , j( )T
= 1 − exp−Z t , j( )T

× Nt, j( )
= exp+ Zt , j −1( )T

× Gi , j[ ]−1
× Nt+1,i( )− Rt,i( ){ }  6 

Assuming independence between types of fisheries, and between fisheries and silver eel 
escapement, each of the components of Z contributes to the decline in numbers D, 
proportional to its contribution to Z, as 

Dfykenets,t, j

Dt, j

=
Ffykenets,t, j

Zt , j  7 
 
Substitutions and rearrangements yield equations for each type of fishery and for silver eel 
escapement. For example for the fykenet fishery, the catch equals: 

Dfykenets,t, j( )=
Ffykenets,t , j

Zt, j

⎛ 

⎝ 
⎜ 
⎜ 

⎞ 

⎠ 
⎟ 
⎟ × 1 − exp− Zt , j( )T

× Nt, j( ) 8.a 

or 

Dfykenets,t, j( )=
Ffykenets,t , j

Zt, j

⎛ 

⎝ 
⎜ 
⎜ 

⎞ 

⎠ 
⎟ 
⎟ × expZ t , j −1( )T

× Gi, j[ ]−1
× Nt +1,i( )− Rt,i( ){ } 8.b 

Given Gi , j[ ], Nt +1,i( ) or Nt, j( ), M and all components of Dt ,i( ), equations 4 and 8 can be 

solved for Nt ,j( ) or Nt +1,i( ) 
and the components of Z.  

However, Dekker (1996) observed this system of equations to be numerically instable when 
solved backwards in time, using eq. 8.b. The population number is adequately assessed, but 
the distribution over length classes is not: the estimated population is concentrated in a few 
isolated length classes, with zeroes in-between. Dekker (1996) proposed insertion of a low-
pass filter in equation 8.b, resulting in 
 

Dfykenets ,t, j( )=
Ffykenets ,t , j

Zt, j

⎛ 

⎝ 
⎜ 
⎜ 

⎞ 

⎠ 
⎟ 
⎟ × expZ t , j −1( )T

× LP[ ]a × Gi, j[ ]−1
× Nt +1,i( )− Rt ,i( ){ }

   9 
where  

LP = 1
3 ×

1 1
1 1 1 0
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⎢ 
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⎥ 
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⎥ 
⎥ 
⎥ 
⎥ 
⎥  10 

with a=2-3.  

6 Data requirements 
The LVPA requires total catch data, i.e. number of eels landed per size class per year. Note 
that this should represent the total landed catch, not a sample; these will usually be derived 
from total landings statistics and catch composition sampling. Additionally, parameter values 
are required for growth (mean growth and standard deviation; this could have been replaced 
by annual growth data), and for natural (non-fishery) mortality (constant: M). Input data were 
formatted in text files, giving rectangular tables of catch in numbers by year*lengthclass. 
                                                            

3 In traditional fisheries assessments, the decline in numbers due to fisheries is coded 
as C, for Catch. In the current analysis, decline due to fisheries, due to silvering and 
due to other (natural) causes are all coded as D, for Decline. 
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Since the total data set is quite restricted, all data are read into memory, and any other input 
formatting can easily be accommodated. 

7 Computer implementation 
The length-based VPA has been implemented in a Pascal program, running on a MacIntosh 
computer. Implementation on any other system with a Pascal compiler will not pose serious 
problems; no system-dependent procedures have been used. The user-interface is restricted to 
identifying input and output files containing matrices of dimension year*length or 
length*length stored in text files (tab-delimited ascii files). Additionally, the smoothing 
parameters are derived from direct user input. 
Following the implementation of this model, and its application to the 1989-1996 catch data, 
the quality of landings statistics from Lake IJsselmeer has declined to such a degree, that no 
further assessments were possible. Consequently, the computer program has become derelict 
since 1999 (Dekker 2000). 

8 Output 
For the length-based VPA: - population numbers by year and length class, - for each gear type: 
partial fishing mortality by year and length class. On the assumption that silver eel fishing rate 
is constant: silver eel escapement by year and length class. 

9 Sensitivity analysis 
The LVPA has not been tested for sensitivity to input parameters. The VPA is intended to 
track changes in the population in recent years, based upon changes in catch (total weight and 
composition). As a consequence, a sensitivity analysis will certainly show that these input data 
are crucial for the model output. In the current implementation, an average growth rate of 3.5-
4 cm per year has been assumed for all length classes, in all years. As Dekker (2000) pointed 
out, estimated fishing mortality rates will be positively correlated with this assumed growth 
rate, but errors will cancel out in the predictive simulation of alternative management regimes.  

10 Application to Lake IJsselmeer data 
These models were developed for assessment of Lake IJsselmeer eel fishery, and results have 
been reported in full in the original publications (Dekker 1993, 1996, 2000). Below, the results 
are summarised, but the breakdown of catches and mortality estimates by gears have been 
omitted. 
The input data are presented in figure 1. The length of the catches ranges from 25 to 40 cm, 
with the majority of the catch below 35 cm length. Over the years, catches have declined 
considerably, predominantly in 1993.  
The estimated population size is shown in Figure 2. The estimated population is dominated by 
animals up to 35 cm in length. Over the years, the estimated numbers have declined 
considerably, and rather gradually. 
Fishing mortality (Figure 3 and 5) is estimated between 0.5 and 1.1, but is highly length 
specific. Over the length range 25-35, estimated fishing mortality increases from almost none 
to around 1. At higher lengths, estimates vary considerably between years and between 
neighbouring length classes; the scarcity of catches in this length range (Figure 1) will have 
influenced the accuracy of the catches negatively. Through time, average fishing mortality 
(Figure 5) is stable (30-40 cm range) or rising (28-32 cm range), despite the fact that in 1989 
and 1996 major effort reductions were implemented; these effort reductions will have 
diminished the discrepancy between nominal and effective fishing effort, and consequently, 
hardly had an effect on fishing mortality.   
The estimated stock numbers were converted to biomass using a generic length-weight 
relationship. The resulting trend in biomass is contrasted to independent data on catch per unit 
effort derived from Dekker (2004), in Figure 6. The estimated trend in stock numbers and 
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biomass is highly correlated with the CPUE series, even slightly better than the correlation 
between commercial catch and CPUE. Obviously, the time series are rather short for a final 
judgement on the value of this correlation. 
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Figure 1 Catch at length from Lake Ijsselmeer, for the years 1989-1996. 

0

1,000,000

2,000,000

3,000,000

4,000,000

5,000,000

6,000,000

25 30 35 40 45 50
lengt h  (cm )

Es
ti

m
at

ed
 p

o
p

u
la

ti
o

n
 n

u
m

b
er

1989
1990
1991
1992
1993
1994
1995
1996

 
Figure 2 Estimated population number at length from Lake Ijsselmeer. 
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Figure 3 Estimated fishing mortality at length from Lake Ijsselmeer. The terminal F in 1996 is 
input to the model; all others are estimated. 
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Figure 4 Trends in catch number and weight, and population number and weight, for Lake 
IJsselmeer.  
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Figure 5 Estimated trend in fishing mortality for Lake IJsselmeer, averaged over two length 
ranges. 50% of the catch by number (40% by weight) is in the 28-32 cm range.  
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Figure 6 Correlation between commercial Catch, VPA estimates of population Numbers and 
Biomass and independent trawl survey CPUE.  
 

11 Application to Shannon (Lough Derg) data 
Data on test fishing by commercial fishermen were supplied by NUIG, representing the total 
catch at length from Lough Derg, a part of the Shannon system, for the range of years 1995-
2005. The data represent the total catch of yellow eels by test fishing crews, which is the only 
fishing allowed on the lake. Length ranges from 0 to 100 cm. Average growth was estimated 
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externally at 2.4 cm/yr for the males (30% of catches) and 4.7 cm/yr for females (70% of 
catches). Since the catches were reported for sexes combined, an average of 4.0 cm/yr was 
used for the analysis. Terminal fishing mortality was set on the basis of preliminary result, as a 
quadratic function (parabola) of length, with a value of 0.05 at 45 cm length, sloping down to 
zero below 30 and above 60 cm length; see Figure 9. For the longest length classes, population 
numbers were set equal to the catch. 
Silver eel is caught at the Killaloe weir, just below the Lough, but the origin of these silver 
eels is unclear, and the silver eel data have therefore been omitted in the analysis. 
In addition to the total catch data, a trend in Catch per Unit of Effort is available for the years 
1995-2001; unfortunately, this series has incomplete spatial coverage later on. These CPUE 
data have not been used to tune the VPA (that is: not used as input data), but have been 
correlated to the VPA output, after completion of the VPA analysis. 
The input data are presented in figure 7. The length of the catches ranges from 30 cm to 70 
cm, with few smaller or larger eels being present. Over the years, a tremendous decline in total 
landings has occurred, especially in 2001. In more recent years, a slight increase in catch is 
observed.  
The estimated population size is shown in figure 8. The length range in the population is wider 
than in the catches, and covers the whole length range. Over the years, the estimated numbers 
have declined considerably, but in contrast to the catches, no upward trend is found in most 
recent years. 
Fishing mortality (Figure 9 and 11) is estimated at 0.15-0.25 in the years 1995-2000, and 
declined to less than 0.05 in 2001 and later. In most recent years, a gradual increase in fishing 
mortality is found.  
The estimated stock numbers were converted to biomass using a generic length-weight 
relationship. The resulting trend in biomass is contrasted to independent data on catch per unit 
effort in Figure 12. The estimated trend in stock biomass is highly correlated with the CPUE 
series (R2=0.94, p<0.01). As suggestive as this result is, the number of observations (n=7) is 
still too low to grant this correlation practical significance yet. 
Overall, this assessment agrees reasonably well with ground truth and existing interpretations. 
Marked new results are: the restricted selectivity of the fishery for the larger size classes; the 
low overall fishing mortality resulting in gradual depletion of the stock; and the continued 
decline of the stock, despite rising catches in most recent years. 
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Figure 7 Catch at length from Lough Derg, for the years 1995-2005. 
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Figure 8 Estimated population number at length from Lough Derg. 

F

0

0.1

0.2

0.3

0.4

0 20 40 60 80 100
length (cm)

Fi
sh

in
g 

m
or

ta
lit

y 
(y

r-
1) 1995

1996
1997
1998
1999
2000
2001
2002
2003
2004
2005

 
Figure 9 Estimated fishing mortality at length from Lough Derg. The terminal F for 2005 is 
input to the model; all others are estimated. 
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Figure 10 Trends in catch number and weight, and population number and weight, for Lough 
Derg. Note the logarithmic scale of the vertical axes.   
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Figure 11 Estimated trend in fishing mortality for Lough Derg. 
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Figure 12 Correlation between VPA estimates of population biomass and independent CPUE 
data for Lough Derg. 
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Annex 
In the main text of the LIME report, a comparison is made between models. To this end, an 
internal questionnaire has been used, which is detailed for the LVPA below. 
 
What is the question(s) 
that the model is 
designed to answer? 

Post evaluate impact of fisheries in recent years in relation to management 
strategy changes (reduction of fyke nets) 

What are the main 
outputs from the 
model? 

Population numbers at length per year  
Fishing mortality per length class per year 

What are the possible 
outputs from the 
model? 

Fishing mortality per length class per year per gear  
Recruitment as reconstructed from commercial landings 

Process Data 
driven 

Parameters (number) Comments 

Recruitment n n Output rather than input 
Food, feeding N n  
Environmental 
parameters, temperature, 
pH, productivity 
habitat quality etc 

n n 

 

Growth  n Y (2) Mean, std 
Sex differentiation n n  
Nat mort n Y(1)  
Fish mort Y (1000)  n Catch at length (100) per year (10) 
Anthropogenic mort. 
(intakes, turbines etc n n  

Movement up 
Movement down 

n n  

Silvering Y(700) n Silver eel Catch at length (70) per 
year (10) 

Dens dep, growth  n n  
Dens dep, sex diff.  n n  
Dens dep, mort. n n Unless the output shows it. 
Dens dep, movement n n  
Territoriality n n  
Other processes n n  
 
Data requirements Provide a brief account of needs 

and possibilities, and 
dependency 

comments 

Parameter number in 
model 

(3) Deliberately low 

Tuning data for 
calibration, 

170 Last data year 

Data driven quantify, 1700  
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Model type Yes or No, give 
uses in order of  

importance (1----
-4 etc) 

comment 

Conceptual model (no 
calculation) 

  

Ad hoc calculations   
General model   
Case specific    
Case specific with tuning Y1 Not exactly tuning, but completely driven by local 

data. 
Alternative model struct   
  
 
Model features  comment 
Parameter sensitivity, 
confidence intervals 

Y VPAs are structurally insensitive 

Stochastic N  
Model validation (checking 
predictions against data not 
included in the model 

N See Marten’s model 

Time dependent result Y Purpose of the model 
Equilibrium  N  
 
What resources are required for further  model 
development 

 

data  
modelling Other solution than a low pass filter to solve 

numerical instability (statistical model) 
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What are the main strengths of your model?   
The model is intended for post-evaluation usage. The high data dependency and the low 
number of assumptions make it a straight forward representation of the actual status of the 
stock; where deviations occur, this usually shows up in the output, although recognizing and 
interpreting might sometimes be difficult. These features are not specific to this model, but to 
VPA-type models (cohort analysis) in general. 
 
What are the main weaknesses of your model ?  
Two main points: 
Processes: closed and mixed population, with simple growth (can be measured), maturation 
(might be measurable too), no migration, etc. That restricts applicability more or less to lake 
fisheries. 
Data: input must be continuous range of annual length frequencies of commercial landings. 
No intervening years without data, no partial coverage of the landings. 
 
 
 Which distance (type of model)  

between a model and yours?  
(1: closer to 5) 

Which model could be usefully 
combined (not merged) with 

yours ? 
1: best 2:useful 3: no at all 

Swedish analytical model 1 1 
Demographic model 2 2 
SMEP 5  
LVPA =  
GEMAC 5  
GlobAng 5  
 
This latter table is horrible to interpret. The LVPA is essentially a post-hoc evaluation model. 
All others are evaluating management options before they are implemented. When 
management decides to implement any of these options, the others will have to post-evaluate 
the effects, that is: data must be analysed to see whether the actual state of the stock conforms 
to the predicted. That process has not been touched upon yet. I have no clear picture how the 
emigration models will be able to cope with that. 


